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Abstract. In this paper we extend categorically the notion of a finite nilpo- 
tent group to fusion categories. To this end, we first analyze the trivial com- 
ponent of the universal grading of a fusion category C, and then introduce the 
upper central series of C. For fusion categories with commutative Grothendieck 
rings (e.g., braided fusion categories) we also introduce the lower central series. 
We study arithmetic and structural properties of nilpotent fusion categories, 
and apply our theory to modular categories and to semisimple Hopf algebras. 
In particular, we show that in the modular case the two central series are 
ccntralizers of each other in the sense of M. Miiger. 



Dedicated to Leonid Vainerman on the occasion of his 60-th birthday 

1. INTRODUCTION 

The theory of fusion categories arises in many areas of mathematics such as 
representation theory quantum groups, operator algebras and topology. The rep- 
resentation categories of semisimple (quasi-) Hopf algebras are important examples 
of fusion categories. Fusion categories have been studied extensively in the litera- 
ture, and there exist many results concerning their structure and classification (see 
[ENOj and references therein). However, there are still many fundamental open 
questions about fusion categories, which are motivated by group theory and the 
theory of semisimple Hopf algebras, and it is desirable to continue to develop the 
theory of fusion categories along these lines. 

The purpose of this paper is to extend categorically the notion of a finite nilpotent 
group to fusion categories. For this end, we analyze the trivial component of the 
universal grading of a fusion category C, and then introduce the upper central series 
of C. For fusion categories with commutative Grothendieck rings (e.g., braided 
fusion categories) we also introduce the lower central series. We study arithmetic 
and structural properties of nilpotent fusion categories, and apply our theory to 
modular categories and to semisimple Hopf algebras. In particular, we show that 
in the modular case the two central series are centralizers of each other in the sense 
of M. Miiger [Mu] . 

The organization of the paper is as follows. 

In Section 2 we recall necessary definitions and results about based rings and 
modules, fusion categories, and Frobenius-Perron dimensions, which are needed in 
the sequel. 

In Section 3, we first define the notion of the adjoint subring R a d of a based 
ring R. Then we prove in Theorem 13.51 that R is naturally graded by a group 
U(R) (which we call the universal grading group of R) and that R a d is the trivial 
component of this grading. The adjective "universal" above is justified in Corollary 
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13.71 where it is proved that any faithful grading of R arises from a quotient of 
U(R). In case R is the Grothcndieck ring of a fusion category C we prove that 
the character group of the maximal abelian quotient of U(R) is isomorphic to the 
group of tensor automorphisms of the identity functor of C (see Proposition 13 - 9[) . 
When C = Rep (77), the representation category of a semisimple Hopf algebra H, 
we have C a d = Rep (H/HK + ) where K = Fun(t/(C)) is the maximal central Hopf 
subalgebra of H (see Theorem 13. 8} . 

Next we consider based rings of integer Frobenius-Perron dimension. We show 
in Theorem 13.101 that any such based ring is graded by an elementary abelian 2- 
group, and that the objects of integer dimension form the trivial component of this 
grading. This in particular implies that if the Frobenius-Perron dimension of a 
fusion category C is an odd integer then the dimension of any object is an integer, 
and hence C is equivalent to the representation category of a semisimple quasi- Hopf 
algebra (see Corollarv l3.11|) . 

In Section 4 we use the construction of the adjoint based subring and adjoint 
fusion subcategory to define the notions of the upper central series, nilpotency and 
nilpotency class for based rings and fusion categories, generalizing the correspond- 
ing notions for groups (see Definitions 14. 1[ 14. 2\ 14.4(1 . We say that a semisimple 
Hopf algebra H is nilpotent if the fusion category Rep(iJ) of representations of H 
is nilpotent. When H is the group Hopf algebra of a finite group this agrees with 
the classical notion of a nilpotent group. Other examples of nilpotent fusion cat- 
egories are pointed fusion categories, Tambara-Yamagami categories, and p-fusion 
categories (fusion categories of dimension p n , p a prime). It follows from [ENO 
that a nilpotent fusion category is pseudounitary and admits a canonical spherical 
structure. 

Next, we define the notion of the commutator of a based subring of a commuta- 
tive based ring and of a fusion subcategory of a fusion category with commutative 
Grothendieck ring (see Definition 14.81 and Definition 14. 10(1 . We then use it to de- 
fine the lower central series of commutative based rings and fusion categories with 
commutative Grothendieck ring (e.g., braided fusion categories), generalizing the 
corresponding notion for groups (see Definitions 14. 1 21 14.13[) . Finally, in Theorem 
14.161 we compare the two series and prove that the upper one converges to Zl at 
step n if and only if the lower one converges to R at step n. This generalizes a 
classical result in group theory, cf. [H] , 

In Section 5 we consider indecomposable i?-modules and prove that they decom- 
pose as i? a£ ;-modules with index set being a transitive U(R)-set (see Proposition 
I5.ip . We use this to prove that in a nilpotent fusion category C the square of the 
Frobenius-Perron dimension of any simple object divides the Frobenius-Perron di- 
mension of C a d, see Theorem 15.21 and Corollary 15.31 (this generalizes a well-known 
property of nilpotent groups) . When applied to semisimple Hopf algebras of a prime 
power dimension, Corollary 15 . 31 extends a result in [MWj . 

In Section 6 we focus on modular categories. We prove in Theorem 16.31 that for 
a modular category C its universal grading group U (C) is canonically isomorphic 
to the character group of the group of invertible objects of C. For a pseudounitary 
modular category C we find out in Theorem 16.81 that the lower and upper series of 
C are related via the operation of taking centralizers, as defined by M. Miiger in 
[Muj . As consequences we obtain that C a d is the centralizer of the maximal pointed 
subcategory of C, and that C contains a "large" symmetric fusion subcategory 
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(Corollaries 16. 9( I6.10j) . Finally, we prove in Theorem 16.111 that a braided fusion 
category C is nilpotent if and only if its center Z(C) is nilpotent. Moreover, if the 
nilpotency class of C is c then the nilpotency class of Z(C) is at most 2c. 
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Throughout the paper we work with an algebraically closed field k of character- 
istic 0. All categories considered in this paper are finite, abelian, semisimple, and 
fc-linear. All rings and modules have finite Z-rank. 

2.1. Based rings and modules. Let Z + be the semi-ring of non-negative integers. 
We will recall some definitions from [O . Let J? be a ring with identity which 
is a finite rank Z-module. A Z + -&asis of R is a basis B = {Aj} ie x such that 
XiXj — ^2 ke x c ij where c*. S Z + . An element of B will be called basic. 

Let us define a non-degenerate symmetric Z- valued inner product on R as follows. 
For all elements X = J2 ieI c^Xi and Y — J2iei ^i x i of R we set 



Definition 2.1. A based ring (or multi-fusion ring) is a pair (R, B) consisting of 
a ring R with a Z + -basis B = {Xi} ie j satisfying the following properties: 

(1) There exists a subset I Cl such that 1 = Yliei Xi ' 

(2) There is an involution i > i* of X such that the induced map X = 
J2iei a i X i ^ x * = Siex a i x i* satisfies 

(XY, Z) = (X, ZY*) = (Y, X*Z) 
for all X,Y,Z £ R. 

In what follows we will usually denote a based ring (R, B) simply by R assuming 
that some basis B = {X;}j e x is fixed. 

Remark 2.2. It follows from Definition ^. II that X i— > X* is an anti-automorphism 
of the ring R. Also, for each i 6 2 there is a unique io G Xq such that the coefficient 
of Xi a in the linear decomposition of the product XiXi* is equal to 1 while the 
coefficient of Xj is for each j £ such that j ^ io- 

A based ring is called unital (or fusion) if \Tq\ = 1. 

Note 2.3. In this paper all based rings will be assumed unital. All our definitions 
and results can be easily extended to the non-unital case. 

By a based subring of a based ring (i?, B) we will always understand a based 
ring (S, C) where C is a subset of B and S is a subring of R. 

A based (left) module over a based ring R is a free Z-module M endowed with 



a fixed basis {Vj}j £ j such that X t Vj = J2keJ dijVk, G Z + , and d^ = d\, k for 
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all i € I and j € J . The last condition simply means that for all X £ R the 
Z+-matrices of multiplication by X and X* in the basis {Vj}j^j are transposes of 
each other. We will call an element of the basis of a based module basic. 

Similarly to |T|), for all elements V — J2jeJ m i^o an( ^ ^ = ^2jeJ n 3^j °f M 
we set 

(2) (V,E0 = X>i n i- 

A based submodule of a based i?-module is defined in an obvious way. Based 
modules enjoy a complete reducibility [UJ Lemma 1]; i.e., every based i?-submodule 
of a based ii-module M has a direct complement which is also a based i?-submodule 
of M. 

A based ring is pointed if all its basic elements are invertible. The invertible 
elements of R generate a maximal pointed based subring of R which we will denote 
by R p t ■ A typical example of a pointed based ring is (ZG, G) , where G is a finite 
group. 

Let R be a based ring and let R + consist of all Z + -linear combinations of {X,} j £ x- 
We will say that X 6 R + contains Y £ R+ if X — Y € A similar terminology 
will be used for based modules. 

Let G be a finite group. We say that a based ring (R, B) is graded by G if there 
is a partition £? = U ge cB g such that i? = © 9 gG -Rg, where i? s is a Z-submodule of 
i? generated by B g and -R^-R^ C R g h, Rg — R g - 1 for all g, h £ G. Such a grading 
is faithful if i? s ^ for all g £ G. 

2.2. Probenius-Perron dimensions. Let us recall the definition and basic prop- 
erties of Frobenius-Perron dimensions in based rings and their based modules from 
|ENO|, Section 8.1]. We note that Frobenius-Perron dimensions for commutative 
based rings were defined and used in the book [FKj . 

Let R be a unital based ring with basis B = {X,-}j 6 x- Let X be a non-zero 
element of i?+ and let Nx be the matrix of multiplication by X in the basis B. This 
matrix has nonnegative entries and is not nilpotcnt. The Frobenius-Perron theorem 
(see [G]) implies that Nx has a positive eigenvalue. The largest such eigenvalue is 
called the Frobenius-Perron dimension of X and is denoted by FPdim(X). 

The assignment X i— > FPdim(A) extends to a homomorphism from R to M. 
This is the unique such homomorphism with the property that it sends basic el- 
ements to positive numbers. Clearly, Frobenius-Perron dimensions of elements of 
R are algebraic integers. The Frobenius-Perron dimension of R is defined to be 
FPdim(i?) = FPdim(A^) 2 . 

Let R = (Bg^G Rg be a faithfully graded based ring with basis B = Ug^oBg. 
Define FPdim(i? g ) = Ex.es, FPdim(X,) 2 . Then FPdim(i? g ) = FPdim(i?)/|G| 
for all g £ G |ENQ[ Proposition 8.20]. In particular, |G| divides FPdim(i?) in the 
ring of algebraic integers. 

Let M be an indecomposable based module over a based ring R with a basis 
{Vj}j(zj. For every X £ R let Lx denote the matrix of left multiplication by 
X in this basis. There exists a unique (up to a positive scalar multiple) common 
eigenvector Q = ^jVj e M%R of the matrices Lx, X £ R, such that 

fij > for all j £ J |ENO( Proposition 8.5]. The corresponding eigenvalue of Lx 
is FPdim(X). Define the Frobenius-Perron dimension of the basic element Vj £ M 
by FPdim(Vj) = fij. Unlike the Frobenius-Perron dimensions of elements of R, 
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the dimensions FPdim(V}), j G Sf, are defined only up to a common scalar. The 
same is true for the Frobenius-Perron dimension of M defined by FPdim(M) = 
J2jeJ FPdim(Vj) 2 . We note, however, that the ratios FPdim(M)/FPdim(Vj) 2 are 
well defined since they do not depend on scalings of Q. This fact will be used 
in Section [Sj Note also that for all X € R and V € M we have FPdim(AF) = 
FPdim(A)FPdim(y); i.e., any choice of Frobenius-Perron dimensions in M defines 
an i?-modulc homomorphism from M to M. 

2.3. Fusion categories. By a fusion category we mean a fc-linear semisimple rigid 
tensor category C with finitely many isomorphism classes of simple objects, finite 
dimensional spaces of morphisms, and such that the unit object of C is simple. We 
refer the reader to ENQ] for a general theory of such categories. 

Examples of fusion categories include representation categories of semisimple 
Hopf and quasi-Hopf algebras as well as semisimple tensor categories coming from 
quantum groups and affine Lie algebras BK and from subfactor theory. 

Let C be a fusion category. Its Grothendieck ring Kq(C) is the free Z-module 
generated by the isomorphism classes of simple objects of C with the multipli- 
cation coming from the tensor product in C. The Grothendieck ring of a fusion 
category is a based unital ring. The Frobenius-Perron dimensions of objects in C 
(respectively, FPdim(C)) are defined as the Frobenius-Perron dimensions of their 
images in the based ring K {C) (respectively, as FPdim(A (C))). For a semisimple 
quasi-Hopf algebra H one has FPdim(A) = dmifc(A) for all X in Rep(TJ), and so 
FPdim(Rep(7J)) = dim k (H). 

By a fusion subcategory of a fusion category C we understand a full tensor subcat- 
egory of C. An example of a fusion subcategory is the maximal pointed subcategory 
C p t generated by the invertible objects of C. 

A fusion category C is pseudounitary if its categorical dimension dim(C) coincides 
with its Frobenius-Perron dimension, sec ENOJ for details. In this case C admits a 
canonical spherical structure (a tensor isomorphism between the identity functor of 
C and the second duality functor) with respect to which categorical dimensions of 
objects coincide with their Frobenius-Perron dimensions [ENO, Proposition 8.23]. 
We will use this fact in Section [5] 

If we identify (the isomorphism classes of ) objects X,Y € C with the corre- 
sponding elements of K (C) then (X, Y) = dim^ Home (A, Y). 

A fusion category C is graded by a finite group G if the based ring Kq(C) is 
G-graded. That is, C decomposes into a direct sum of full abelian subcategories 
C = ©ggcCg such that C* = C g -i and the tensor product maps C g x Ch to C g h for 
all g,he G. 

3. Graded based rings and fusion categories 

3.1. The adjoint subcategory. Let R be a based ring with a Z + -basis B = 
{Xi}i£i- Let R a d be the minimal based subring of R with the property that A^A* 
belongs to R a d for all i g I; i.e., R a d is generated by all basic elements of R 
contained in A^A*, i el. 

Equivalently, let us define 1(1) := Y^iei %-iX* . Then R a d is the Z-linear span 
of basic elements contained in I(l) n , n= 1,2,.... Note that 1 € R a d- 

Remark 3.1. (1) Here the index ad stands for "adjoint" which is justified by 
the following observation. If H is a semisimple Hopf algebra and R — 
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Ao(Rcp(iJ)) is the Grothcndieck ring of the representation category of H 
then Red is the subring generated by the subrepresentations of the adjoint 
representation of H . 
(2) Recall from |ENQ[ Section 5.8] that for a fusion category C with simple 
objects {Xi}i£j the induction functor I : C — > Z(C) to the center of C is 
defined as the left adjoint of the forgetful functor F : Z(C) — > C. One has 
F(I(1)) = J2iei Xi <8 X*, which explains our notation. 

For a fusion category C let C a d be the full tensor subcategory of C generated 
by all subobjects of X ® X* where X runs through simple objects of C. We have 
K (C ad ) = K (C) ad . 

Example 3.2. Let G be a finite group and let C = Rep(G) be the representation 
category of G. Then C a d = Rep(G / Z (G)) , where Z(G) is the center of G. 

Proposition 3.3. (1) The element 1(1) £ R ai j_ is central in R. 

(2) A based Ra^-subbimodule M of R is indecomposable if and only if it is 
indecomposable as a left (or right) R a d-module. 

Proof. To prove (1) we first observe the equality 

(3) J2 X * X * ®z X i =zZ Xi ® 1 - X ? Xk ' for a11 k e Z - 

iez iex 

which can be obtained by evaluating the pairing (, ) of both sides with 
Xj ®% Xi, j,l £ X, and using Definition 12.11 Applying the multiplication of R 
to both sides of ((3]) we obtain Xkl(l) = I(l)Xk for all k el 

Since every basic element of R a d is contained in some power of 1(1), every one- 
sided based i? a d-submodule of M is automatically an i? a d-subbimodule. Indeed, 
if XY £ M for all X £ R ad and Y £ M then I(l) n Y = YI n (l) £ M for all 
non-negative integers n, and hence YX £ M . □ 

3.2. The universal grading of a based ring and of a fusion category. Let R 

be a based ring. We can view R as a based i? Q rf-bimodule. As such, it decomposes 
into a direct sum of indecomposable based i? a( j-bimodules: R — ® a eAR a , where 
A is the index set. This decomposition is unique up to a permutation of A. We 
may assume that there is an element 1 £ A such that R\ = R a d- Note that 
(R a )* = {X* | X £ R a }, a £ A, is an indecomposable based i? a( j-submodule of R 
and hence (R a )* = R a * f° r some a* £ A. 

Lemma 3.4. For all X a , Y a £ R a , a £ A, we have X a Y* £ R a d- 

Proof. Recall that each X £ R a d is contained in some power of 1(1). Observe 
that M = {X £ R a | A is contained in I(l) n Y a for some n} is a i? a d-submodule 
of R a - Since R a is an indecomposable based i? a d-bimodule, it follows from Propo- 
sition [3T3I2) that M — R a and therefore X a is contained in I(l) n Y a for some n. 
Hence, X a Y* is contained in I(l) n Y a Y* £ R a d, as required. □ 

Theorem 3.5. There is a canonical group structure on the index set A with the 
multiplication defined by the following property: 

(4) ab — c if and only if X a X £ R c , for all X a £ R ai X £ R , a,b,c £ A. 
The identity of A is 1 and the inverse of a £ A is a* . 
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Proof. We need to check that the binary operation in (j4} is well defined. Let 
a, b 6 A and let X a ,Y a £ R a ,Xb,Yb £ Rb be basic elements of R. 

Suppose that the product X a Xb contains a basic element X c £ R c and the 
product YaXb contains a basic element Yd £ i?d for c ^ d. By Lemma T3.41 there is 
a positive integer n such that the element X a I(l) n Y* £ R\ contains X a XbY b *Y* = 
{X a Xb)(Y a Yb)* and, therefore, Y = X C Y^ is in R\. Multiplying both sides of the 
last equality by Yd on the right we conclude that YYd is in R c <~)Rd, a contradiction. 

Thus, X a Xb and Y a Yb both belong to the same component R c and so the binary 
operation ^ is well-defined, ft is easy to see that it defines a group structure 
on A. □ 

Definition 3.6. We will call the grading R — (B a ^A Ra constructed in Theorem l3.5l 

the universal grading of R. The group A will be called the universal grading group 
of R and denoted by U(R). 

Corollary 3.7. Every based ring R has a canonical faithful grading by the group 
U{R). Any other faithful grading of R by a group G is determined by a surjective 
group homomorphism tt : U(R) — > G. 

Proof. Let R = © g gG R 9 be a grading of R. Since for every basic X £ R we have 
XX* £ R 1 it follows that R 1 contains R a d as a based subring. Hence, each R 9 is a 
based i? af j-submodule of R. This means that every component R a , a £ U (R), of the 
universal grading R — ® a e£/(ii) Ra of R belongs to some R v ^ for some well-defined 
7r(a) £ G. Clearly, the map a \— > 7r(a) is a surjective homomorphism. □ 

For a fusion category C let U(C) — U(K (C)). We will call U(C) the universal 
grading group of C. 

Theorem 3.8. Lei H be a semisimple Hopf algebra and let C = Rep(H). There 
exists a unique Hopf subalgebra K of H which is contained in the center of H and 
is maximal with respect to this property. Let H a d := H/HK + be the quotient of H 
by K (see [Moj ). Then C a d — Rep(H a d). Furthermore, K = Fun(U(C)). 

Proof. Clearly such K exists. If K\,Ki are Hopf subalgebras of H contained in 
its center, then so is the Hopf subalgebra K\K2 : so that K is unique. Let A 
and S denote the comultiplication and antipode of H . Every grading of Kep(H) 
comes from a decomposition H — ® a eA H a where each H a is an ideal of H such 
that A(H a ) C iFn H x ® H y and S(H a ) = H a -i. Let p a £ H be the central 
idempotents such that p a H = H a , a £ A. Then A(p a ) = J2 xy =a P* ®Py'> i- e -> the 
linear span of p a , a £ A, is a Hopf subalgebra of H (isomorphic to Fun(A)) and is 
contained in the center of H . Clearly, the universal grading of Hep(H) corresponds 
to a maximal such subalgebra. The trivial component of H is precisely the quotient 
H/HK+, so that C ad = Rep( J ffi) = Rep(H/HK+). □ 

Let C be a fusion category and let Autg(ide) denote the group of tensor auto- 
morphisms of the identity functor of C. Any <I> £ Aut®(idc) is determined by a 
collection of non-zero scalars {$(X)}x> one for every simple object X in C, such 
that $(Xi)$(Jf 2 ) = whenever Y is contained in Xi ® X 2 . Clearly, Aut (g) (idc) 

is an abelian group. 

For every abelian group A let A denote the group of characters of A. 
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Proposition 3.9. Let C be a fusion category and let G = U(C) be its universal 
grading group. Let G a b be the maximal abelian quotient group of G. There is an 
isomorphism between G a b and the group Aut^(idc). 

Proof. Define a grading of C by Aut^(ide) by setting 

(5) C x = {X G C | $x = x($)idx for all $ e Aut®(id c )}, 

where \ G Aut®(idc). Since G a b is the universal abelian grading group of C it 
follows that there is a surjective group homomorphism G a b — > Aut(g>(idc)- 

Conversely, let C = ® a eG ab C a be the grading of C by G a b constructed in Corol- 
lary [23 For each \ € G a b define <& x S Autg,(idc) by ($ x )x = x( a )idx for all 
X G C a - The map \ l— ^ 1S an hijective group homomorphism, and hence it 
establishes the required isomorphism. □ 

3.3. Based rings of integer Frobenius-Perron dimension. It was shown in 
ENO, Section 8.5] that a fusion category of integer Frobenius-Perron dimension 
is pseudounitary (and hence, admits a pivotal structure with respect to which the 
categorical dimensions of all simple objects coincide with their Frobenius-Perron 
dimensions). 

Let us analyze the structure of based rings of integer Frobenius-Perron dimen- 
sion. 

Theorem 3.10. Let R be a based ring such that FPdim(R) G Z. Then there 
is an elementary abelian 2-group E, a set of distinct square free positive inte- 
gers n x , x G E, with uq — 1, and a faithful grading R = (BxeE R(n x ) such that 
FPdim(X) G Z^/n^ for each X G R{n x ). 

Proof. By [ENOj Proposition 8.27] every basic element of R has dimension >/~N 
for some N G Z. Let R(l) C R be the based subring of R generated by all basic 
elements of integer dimension. Observe that R a d C and for each square free 
n G Z the basic elements of R whose dimension is in Z-^/n generate an R(l)- 
subbimodule R(n) of R. Let 

E = {n is square free | 3X G R+, 1^0, such that FPdim(A) G 7L\fn\. 

It is clear that for X G R(n) and Y G R(m) their product XY is in R{{nm)') where 
V denotes the square free part of I. This defines a commutative group operation 
on E and a grading on R. Since the order of every e G E is at most two, E is an 
elementary abelian 2-group. □ 

Corollary 3.11. Let C be a fusion category of odd Frobenius-Perron dimension. 
Then the Frobenius-Perron dimension of every object of C is an integer (and hence, 
C is the category of representations of some semisimple quasi-Hopf algebra, see 
[ENO] ). 

4. The central series and nilpotency for based rings and fusion 

categories 

4.1. The upper central series. Let R be a based ring. Let RW = i?, RW = R ad> 
and = (i?^ l_1 ^) a <i for every integer n > 1. 
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Definition 4.1. The non-increasing sequence of based subrings of R 

(6) R = i? (0) D D ■ ■ ■ D i? (rl) D ■ ■ ■ 

will be called the upper central series of R. 

Similarly, for a fusion category C we define C^ ' = C, C' l > = C a <i, and = 
(C^ n ~ 1 })ad for every integer n > 1. 

Definition 4.2. The non-increasing sequence of fusion subcategories of C 

(7) C = C (0) D C (1) D • • • 2 C (n) D ■ ■ • 
will be called the upper central series of C. 

Example 4.3. For every group H let Z(H) denote its center. Let G be a finite 
group and C — Rep(G). Let 

{1} = C°(G) C C\G) C • • • c G"(G) c • • • 

be the upper central series of G; i.e., G°(G) := {1},G 1 (G) := -Z^(G) and for n > 1 
the subgroup G"(G) is defined by G"(G)/G"~ 1 (G) = Z(G/C n ~ 1 (G)). ThcnC^ = 
Rep(G/G"(G)), so that our definition of the upper central series agrees with the 
classical one. 

Definition 4.4. A based ring R is nilpotent if its upper central series converges to 
Zl; i.e., = Zl for some n. The smallest number n for which this happens is 
called the nilpotency class of R. 

A fusion category C is nilpotent if its upper central series converges to Vec; i.e., 
C(n) = vec for some n. The smallest such n is called the nilpotency class of C. 

A semisimple Hopf algebra (or a quasi-Hopf algebra, or a weak Hopf algebra) is 
nilpotent if its representation category is nilpotent. 

Example 4.5. (1) By [ENO, Theorem 8.28], every fusion category whose di- 
mension is a prime power (i.e., a p-fusion category) is graded by Z/pZ, 
and hence is nilpotent. In particular, every semisimple Hopf or quasi-Hopf 
algebra of a prime power dimension is nilpotent. 
(2) Semisimple Hopf algebras of dimension 2n 2 , n > 2, constructed by G. Kac 
and V. Paljutkin in [KP| (see also [Se]) are nilpotent. These Hopf alge- 
bras have algebra structure k n © M n (k) and representation categories of 
Tambara-Yamagami type |TYj . In particular, a semisimple nilpotent Hopf 
algebra is not necessarily a tensor product of Hopf algebras of prime power 
dimension, which is in contrast with a classical result in group theory. 

Let C and T> be fusion categories. Recall that for a tensor functor F : C — * T> its 
image F(C) is the fusion subcategory of T> generated by all simple objects Y in T> 
such that Y C F(X) for some simple X in C. The functor F is called surjective if 
F(C) = V. 

Proposition 4.6. Let C be a nilpotent fusion category. Every fusion subcategory 
£ C C is nilpotent. If F : C — > T> is a surjective tensor functor, then T> is nilpotent. 

Proof. We have £< n ) C C (n) and C F(C^) for all n. □ 

Remark 4.7. (1) Let G be a finite group and C = Rep(G). Then C is nilpotent 
if and only if G is nilpotent. 
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(2) By Theorem [331 a based ring R (respectively, a fusion category C) is nilpo- 
tent if and only if every non-trivial based subring of R ( respectively a 
non-trivial fusion subcategory of C) has a non-trivial grading. 

(3) A fusion category C is nilpotent if and only if Kq(C) is nilpotent. The 
nilpotency class of C is equal to the nilpotency class of Kq(C). 

(4) Pointed based rings (respectively, pointed fusion categories) are precisely 
the nilpotent based rings (respectively, fusion categories) of nilpotency 
class 1. Fusion categories constructed by Tambara and Yamagami [TYj 
have nilpotency class 2. 

(5) A nilpotent semisimple Hopf algebra is lower solvable in the sense of |MWj . 
(The special case of a twisted group algebra of a nilpotent group is discussed 
in [ON].) 

(6) It follows from Theorem 13.51 that a nilpotent fusion category comes from 
a sequence of gradings, in particular it has an integer Frobenius-Perron 
dimension. It follows from results of [ENOJ that a nilpotent fusion category 
C is pseudounitary, i.e., its global dimension coincides with FPdim(C), and 
that C admits a pivotal (in fact, spherical) structure. 

4.2. Lower central series for commutative based rings. For a commutative 
based ring R we can define the notion of a lower central series. 

Definition 4.8. Let S be a based subring of a commutative based ring R. We 
define the commutator S co of S in R to be the based subring of R generated by all 
basic elements Y S R such that YY* £ S. 

Remark 4.9. Note that the Z-span of basic elements Y 6 R with the prop- 
erty YY* 6 S is already a based subring of R and so is equal to S co . In- 
deed, if YiY]*, Y" 2 Y 2 * e S and Y is contained in Y\Y% then YY* is contained in 

(^i*)(^*)e S. 

Definition 4.10. Let C be a fusion category such that Kq(C) is commutative (e.g., 
C is braided). Let K, be a fusion subcategory of C. Define the commutator JC C ° of K, 
to be the fusion subcategory of C generated by all simple objects Y of C such that 
Y® Y* e JC. 

One has K (JC CO ) = K ()C) co . 

Example 4.11. Let G be a finite group and let C = Rep(G). Any fusion sub- 
category of C is of the form Rep(G/N) for some normal subgroup N of G. The 
simple objects of the category Rep(G/iV) co are irreducible representations Y of 
G for which Y ® Y* restricts to the trivial representation of N. Equivalcntly, 
each x € N acts on Y by a scalar. This happens if and only if the commu- 
tator group [G,N] := (gxg~ 1 x~ 1 \ g 6 G,x € N) acts trivially on Y. Thus, 
Rep(G/AO co = Rep(G/[G,N]). 

For a commutative based ring R we define R(q\ = Zl, Rn\ = R p t (the based 
subring of R spanned by the invertible basic objects of R), and Rf n \ = (i?(„_ 1 )) co 
for every integer n > 1. 

Definition 4.12. Let R be a commutative based ring. The non-decreasing se- 
quence of based subrings of R 

(8) Zl = i?( 0) C ify-g C • • • C i?( n) C ■ • • 

will be called the lower central series of R. 
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Similarly, for a fusion category C we define Cm) = Vec, Cm = C p t (the maximal 
pointed subcategory of C) and Ci n \ = (C(„_i)) co for every integer n > 1. 

Definition 4.13. The non-decreasing sequence of fusion subcategories of C 

(9) Vec = C (0 ) C C (1) C • • ■ C C (n) C ■ • • 
will be called the lower central series of C. 

Example 4.14. Let G be a finite group and C — Rep(G). Let 

G = C (G) D C X {G) D ■ ■ O C n {G) D ■ ■ ■ 

be the lower central series of G; i.e., G„(G) = [G, G„-i(G)] for all n > 1. Then 
Ci n \ — Rep(G/G„(G)), so that our definition of the lower central series agrees with 
the classical one. 

For a commutative based ring R we can prove an analogue of the classical result 
in group theory saying that the upper central series of a group G converges to G 
if and only if its lower central series converges to {1}, which gives an alternative 
criterion of nilpotency [H] . 

Lemma 4.15. Let R be a commutative based ring and let S C R be a based subring. 
Then (S co ) ad CSC {S ad ) c °. 

Proof. Both inclusions are immediate from the definitions of the adjoint subring 
and commutator. □ 

Theorem 4.16. Let R be a commutative based ring and let 

(10) R = i? (0) D R {1) D ■ ■ ■ D R {n) D • • ■ 

(11) Zl = R (0) C R {1) C • • • C R (n) C • • • 

be the upper and lower central series of R. Then R^ n ' = Zl if and only if Rr n ) = R, 
and when this is the case one has R 1 -^ C R^ n _ k ^ for all k = 0, . . . n. 

Proof. Suppose R {n) = R; i.e., = R [n) . If R^ C R (n _ k) for some k (0 < 
k < n) then, using Lemma [4. 151 we obtain R( k+1 > = (R^) ac i C (Rr n -k))ad — 
(R(n-k-i) CO )ad C i?(„_ fc _i). Hence, R {n) = Zl by induction. 

Conversely, suppose R^ = Zl; i.e., R^ = R {Q) . If R( n ~ k ~> C R k for some k 
(n> k > 0) then R^-*- 1 ) C (R( n - k - 1 ) ad ) c ° = (#(n-*0)co g (R (k) y° = R (k+1) . 
Hence, Ri n \ — R. 

This means that neither central series can be longer than the other, as required. 

□ 

5. Divisibility properties of Frobenius-Perron dimensions of basic 
elements in a nilpotent based ring 

Let (R, {Xi}i£x) be a based ring with the universal grading R = ® a ^u(R) Ra, 
and let (M, {Vj}j^j) be an indecomposable based i?-module. Then M is also a left 
based i? a d-module and therefore decomposes into a direct sum of indecomposable 
based i? ac ;-submodulcs: M = (B x esM x . This decomposition is unique up to a 
permutation of S. 

Let us fix a Frobenius-Perron eigenvector Q = J2jeJ FPdim(V^)Vj G M ®z M. 
For each x £ S let FPdim(M a; ) = Y^v ^M x FPdim(y,) 2 . The vector Q is unique 
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up to a scalar, hence the ratios FPdim(M r )/FPdim(Af 1) ) are well-defined for all 
x,y £ S. 

Proposition 5.1. There is a canonical structure of a transitive U(R)-set on the 

index set S defined by the following property: 

(12) 

ax — y if and only if X a V x £ M y , for all X a 6 R a , V x £ M x , a £ U(R), x,y £ S. 
Furthermore, FPdim(M x ) / FPdim(M y ) — 1 for all x,y £ S. 

Proof. We need to check that the action in (fT2|) is well defined. Let X a , Y a £ 
R a , a £ U(R), and let V X ,U X be basic elements in M x , x £ S. Suppose that the 
product X a V x contains a non-zero element V y £ M y and the product Y a U x contains 
a non-zero element U z £ M z for some y ^ z in S. Let 1(1) — J^iei -%-iX* £ R a d- 
Since M x is an indecomposable based i? a d-module, for some n £ Z + the element 
U x is contained in I(l) n V x . Therefore, we have 

(14, x*v y ) = (X a V x , V v ) > 

and 

{V x , I(l) n Y*U z ) = (Y a I(l) n V x , U z ) > (Y a U x ,U z ) > 0. 

Combining these inequalities we get (Y a X*V y , I(l) n U z ) > 0. Since Y a X* £ R ad , we 
obtain a contradiction: (VJ, U' z ) > for = Y a X*V y £ M y and U' z = I(l) n U z £ 
M z , while y ^ z. This proves that the action in question is well-defined. 
To prove the statement about Frobenius-Perron dimensions let 

E = E a £R® z R 

aeU(R) 

be the uniquely determined virtual regular element of R, where 

E a = FPdim^)^, 

and let Q — J2 x es Qx £ M R, where 

Q x = Y FPdim(V 7 )V 7 - £ M x ®i R 

for each x £ S . 

The positive number FPdim(i? Q ), a £ U(H), does not depend on a by [ENO, 
Proposition 8.20]. Let us denote it by d. One has E a Q = dQ, whence E a Q x = dQ ax . 
Since FPdim : M — > R is an i?-module homomorphism, taking FPdim of both sides 
of the last equality we obtain ¥Yd\m(Q x ) = FPdini(Q aa; ). Hence, FPdim(M2;) = 
FPdim(M aa; ). Since the action of U(R) on S is transitive, the statement follows. □ 

Theorem 5.2. Let R be a nilpotent based ring, let M be an indecomposable based 
R— module, and let V £ M be a basic element. Then FPdim(AI) / FPdim(V) 2 £ TL. 
In particular, FPdim(R a( i) / FPdim(X) 2 £ Z for every basic X in R. 

Proof. Note that the ratio FPdim(M)/FPdim(V r ) 2 is well defined. 

We use induction on the nilpotency class of R. For pointed based rings (i.e., 
those of nilpotency class 1) the statement is clear, since any indecomposable based 
module M over ZG, where G is a finite group, comes from a transitive G-set and 
one can choose FPdim(l/) = 1 for any basic V £ AT 
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Let R be nilpotent of class n > 1, then R a d is nilpotent of class n—1. Suppose the 
statement is true for all indecomposable i? a d-modules. Let M be an indecomposable 
i?-module and let M x , x € S, be its indecomposable i? af j-submodules. 

Let V be a basic object of M . then V € M x for some x E S. Applying Proposi- 
tion [5T] and using the inductive assumption, we have 

FPdim(M) _ \S\FPdim(M x ) 
FPdim(y) 2 ~~ FPdim(y) 2 G ' 

as required. The second statement follows since each component R a in the uni- 
versal grading R — ® a eU(R) Ra is an indecomposable based i? a£ 2-module and 
FPdim(i? a ) = FPdim(i? ad ) for all a £ A. □ 

Corollary 5.3. Let C be a nilpotent fusion category. Then for each simple object 
X in C , FPdim(X) 2 divides FPdim(C a d)- 

Remark 5.4. (1) In the case when C is the representation category of a nilpo- 
tent group, we recover a well-known fact about group representations: the 
square of the degree of an irreducible representation of a finite nilpotent 
group divides the index of its center. 
(2) It follows from [MW that for an irreducible representation V of an upper 
or lower semi-solvable Hopf algebra H one has dimfe (V) | dirrifc(iJ). Corol- 
lary [531 generalizes this result in the special case when H is nilpotent (e.g., 
has dimension p",pa prime). 



6. The lower and upper central series of modular categories 

Let C be a modular category [BKlIT] with simple objects Xi, i £ T, the braiding 
cx.y ■ X ® Y = Y ® X for all X, Y S C, the S-matrix jez, where Sij = 

tr q (cXi,XA ° cXj.Xi), and the T-matrix (&ijOi)i^^x- Each dimension di :— d(Xi) 
.S i, is a real number and each 9i, i € T, is a root of unity. The entries of the S- 
matrix are known to satisfy = Sji = Si»j* and • SijSji = Si*iD, where i* el 
is an index such that X{* = X* and Z? = Yliei df ^ s the categorical dimension 
ofC. 

A theorem due to J. de Boere, J. Goeree, A. Coste and T. Gannon states that the 
entries of the S-matrix of a semisimplc modular category lie in a cyclotomic field, 
see |dBGl[GTj] , That is, there exists a root of unity £ such that s,-j £ Q(£) C C. So 
we will always assume that the entries of the S'-matrix are complex numbers. 

It is known that S/V~D is a unitary matrix; i.e., Sy» = Sy for all i,j El |ENQ[ 
Proposition 2.12]. It follows that D = ^ SijSi*j — J^i \ s ij\ 2 f° r eacn 3 <= 

Let Xi (8 A 3 = ©fcgz NjjXk, i,j € I, be the fusion rules of C. The Verlinde 
formula (see e.g., [BK, 3.1]) relates the fusion coefficients and entries of the S'- 
matrix: 

(13) N ii=Yl SikSl f rk . 

feel k 

It follows from this formula that every homomorphism from Kq(C) to C has the 
form 



(14) 



S ' ' 

hj : Xi i-> —L, j e T. 
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The entries of the S- and T- matrices are related by the following formula [BK , 
3.1.2]: 

(is) ^-flrVE^-M- 

fcei 

6.1. The universal grading group of a modular category. 

Lemma 6.1. Let j G X. We have \sij\ = \didj\ for all i G X if and only if Xj is 
invertible. 

Proof. Suppose Xj is invertible. Then dj = ±1 and for each i € X there is a unique 
keX such that Nf„- ^ (in fact, • = 1). Hence, s y = 9~ 1 0J 1 6 k d k . Since every 
i 6l, is a root of unity and d k — didj we have |sy | = 

Conversely, if j G 2" is such that |sij| = |c?jdj| for alH G I then 13 = \sij\ 2 = 
(i|D and hence dj = ±1. Therefore, sy = for some £y such that = 1. 
But then it follows from ()14() that the image of Xj under any ring homomorphism 
Kq(C) — > C has absolute value 1. Hence, FPdim(X,) = 1 and Xj is invertible. □ 

Let U{C) be the universal grading group of C and let G(C) be the group of 
invertible objects of C. Let X(C) denote the set of ring homomorphisms Kq(C) — ► C. 
Formula (fl4|) gives a bijection between X{C) and the set X of isomorphism classes 
of simple objects of C. 

Lemma 6.2. The group Aut®(idc) acts on X(C) by $/i(X) := $(X)/i(X) for all 
$ G Aut^(idc), h G X(C), and simple X G C. 

Proof. This is a direct consequence of the definition of a tensor automorphism. □ 
Theorem 6.3. There is a canonical isomorphism U(C) = G(C). 

Proof. Since the group U (C) is abelian, it suffices to establish an isomorphism 
G(C) = Aut®(ide), thanks to Proposition 13.91 

For any $ G Aut®(idc) the function X\ i— > $(X)cZi extends to a homomorphism 
Kq{C) — > C and hence there is a unique j$ G X such that hj^(Xi) — <&(Xi)di. That 
is, 

(16) s ij9 = ^(Xi)did^, foraJlieX. 

Since 3>(X) is a root of unity we have = By Lemma IB~Tl Xj # is an 

invertible object of C. 

Conversely, for any invertible Xj G C let $j(Xi) = j^j-, i el. To show that $j 
defines a tensor automorphism of id^ we need to check that 

d k dj didj didj 

for all k,i,l G X such that X& is contained in Xj (g> X;. Let Yj, z G I, be the scalar 
such that cXj.Xi ° Cx u x } = 'fMx i ®X r Clearly, 7, = Using the hexagon 

identity, we compute 

CXi®Xi,Xj ° CXj,Xi®X x = CXi.Xj ° c Xi,Xj ° c Xj,Xi ° CXj,Xi = lill^X j ®X i ®X l , 

where we omit identity morphisms and associativity constraints. Taking projection 
of both sides on X k (E> Xj and computing the trace we obtain the identity (|17| . 

It is clear that the above maps between G(C) and Aut®(ide) are inverses of each 
other. That they are group homomorphisms follows from the following observation : 
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if Xj , Xj ± , Xj 2 are invertible objects of C such that Xj = Xj x ® Xj 2 then Sj^Sj^ — 
diSji for all i € X (this is also a consequence of the hexagon identity, see |Mu[ 
Lemma 2.4(i)]). □ 

Remark 6.4. For the representation category of a modular Hopf algebra H the 
result of Theorem 16.31 was proved in |Sc[ Theorem 2.3(b)]. Namely, it was shown 
that the groups G(H*) and G(H) n Z(H) are isomorphic. 

6.2. The lower and upper central series of a pseudounitary modular cat- 
egory. Let JC be a full tensor subcategory of a braided tensor category C. In [Muj 
M. Miiger introduced the centralizer JC' of JC, which is a full tensor subcategory 
of C. In the case when C is pseudounitary and modular, JC' is the fusion category 
generated by all simple objects of C such that 

(18) Sij = did.j 

for all simple Xj e JC. If IT8|) holds we will say that X{ and Xj centralize each 
other. 

It was also shown in [Muj that JC" = JC and dim(/C) dim(/C') = dim(C). A fusion 
subcategory JC C C is symmetric if and only if /C C /C' and is modular if and only 
if JC n JC' = Vec. 

From now on we will assume that C is a pseudounitary modular category. By 
|ENQ[ Proposition 8.23], there is a canonical spherical structure on C with respect 
to which the categorical dimensions of objects coincide with their Frobenius-Perron 
dimensions: di = FPdim(Xi), i el. In particular, each di is a positive real number. 

We will use the notion of a centralizer to relate the upper and lower central series 
of a pseudounitary modular category. 

Lemma 6.5. (1) For all i,j£X we have |sy| < didj. 

(2) The real part of didj — is non-negative and is equal to if and only if 
Sij didj . 

Proof. These results are essentially contained in [Muj ; we give proofs for the reader's 
convenience. The first inequality follows from (|15|) and the Cauchy inequality: 



feel fcex 



Subtracting (fT5|) from didj = J2kex Njijdk we obtain 

- Si j = E N?,jd k (i - e^ejHu). 

feel 

It is clear that the real part of every summand in the last sum is non-negative. 
Hence, the real part of didj — sy equals if and only if Ok = OiOj for all k € X such 
that Njij 0. By (fT5|) . this is equivalent to Sy = didj. □ 

Lemma 6.6. Let Xi,Xk be simple objects in C. Then Skj = d^dj for each j £ X 
such that Xj is contained in Xi (g> X* if and only if \sik \ = didk- 

Proof. Let us write the Verlinde formula (113[) in the following equivalent form (cf. 
[Mul Lemma 2.4(iii)]): 

1 

dk 



(19) —SkiSki = E N il s kj for a11 i,k,l e X. 
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In particular, we have 

If Skj = dkdj whenever Xj is contained in Xi ® X* then 

jez k 

whence \s lk \ = did k . 

Conversely, suppose \si k \ = did k . Then letting I = i* in (fl9|) we compute 



-12 _ 



d k df = \Nl,s kr 



By Lemma 16.51 ^2') the last equality is possible if and only if s k j — d k dj for all j such 
that N^, 0, so the proof is complete. □ 

Proposition 6.7. Let IC be a fusion subcategory of a pseudounitary modular cat- 
egory C. Let C be the fusion subcategory generated by simple objects X k € C such 
that \si k \ = did k whenever X t G IC. Then (/C a( j)' = C = (IC') co . 

Proof. By definition, (JC') co is generated, as an abelian category, by all simple 
Xi e C such that every subobject of Xi®X* centralizes IC. By Lemma |6~5I the last 
condition is equivalent to \s ik \ = did k for all simple X k e IC. Therefore, (IC') co = C. 

Let X k be a simple object of (K, a d)' ■ Then X k centralizes every simple subobject 
Xj of Xi eg) X* whenever Xi is in IC. It follows from Lemma \6. 61 that \s k i\ = d k di] 
i.c, X k € C and {K, ad )' C L. 

Let X k be a simple object of £, let Xi be a simple object of /C, and let Xj be 
a simple subobject of Xi <X> X*, k,j,i € X. Then sjy = tifcdj by Lemma 16.61 and 
hence Xj belongs to £ . This implies that K, a d is generated by some of the simple 
objects of hence IC a d Q CJ ■ 

By Miiger's double centralizer theorem [MuJ, C = C" , therefore the above inclu- 
sions imply C — (ICad)' ■ □ 

Theorem 6.8. Let C be a pseudounitary modular category and let 

(20) C = C (0) DC (1) D ■■■ DC {n) D ■■■ 

(21) Vec = C m CC (1) C-..CC W C-.. 

&e t/ie upper and lower central series of C. Then (C^ n ')' — Ci n ) for all n > 0. 

Proof. We have (C^)' = C = Vcc = C (0) . If (C^)' = C (n) for some n > then, 
using Proposition Owe obtain (C( n+1 ))' = ((C (n) ) ad )' = ((£<") )') co = (C(„)) co = 
C( n+ i), and the statement follows by induction. □ 

Recall that C p t denotes the maximal pointed fusion subcategory of C; i.e., the 
subcategory generated by all invertible objects of C. 

Corollary 6.9. Let C be a pseudounitary modular category. Then C a d — {Cpt)' ■ 

Corollary 6.10. LetC be a nilpotent modular category of nilpotency class c. Then 
for each n > | the fusion subcategory C' n ' C C is symmetric. 
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Proof. Note that a nilpotent category is pseudounitary by Remark I4.7f 6). Com- 
bining Theorems OH and EJ] we obtain C<» = (C (n) )' C (C( c -»))' C (£("))' for 
n>|. □ 

Recall that for any fusion category C its center 2(C) is defined as the category 
whose objects are pairs (X, ex,-) where X is an object of C and cx,— is a natural 
family of isomorphisms cx,v ■ X <£> V = <8> X for all objects V in C satisfying 
certain compatibility conditions (see, e.g., [K]). It is known that the center of a 
pseudounitary category is modular. 

Now assume that C is braided. There are two full tensor embeddings of C into 
2(C) given by X i— » (X, Cx,-) and by X i— » (X, el y). If C± denote the images of 
these embeddings then it is easy to see that C' + = C_ in 2(C). 

Theorem 6.11. Let C be a braided fusion category. Then C is nilpotent if and only 
if its center 2(C) is nilpotent. Moreover, if the nilpotency class of C is c then the 
nilpotency class of 2(C) is at most 2c. 

Proof. By Proposition ^. 6[ if 2(C) is nilpotent, then so is C. 

Conversely, suppose C is nilpotent and identify it with C+ C 2(C). Let 

(22) C = C (0) D C (1) D ■ ■ O C (c) = Vec 

be the upper central series of C. Let fc = 0, . . . , c, be the centralizer of C^ in 
2(C). By Proposition 16. 71 we have 

£ k = (c (fe) )' = ((c^) ad y = ((c^yr = (£k-i) co . 

Combining this with Lemma 14.151 we obtain (£k)ad = ((£k-i) co )ad Q £k-i for all 
k = 0,...,c. Note that £ c = (C^)' = 2(C). Assume that 2(C)^ C £ c _ fe for 
some fc(0 < fc < c). Then Z(C)( fe+1 ) = (2(C)^) ad C (£ c _ fc ) arf C £ c _ fc _i. Hence, 
2(C) ( c ) C£o = C' = C_ by induction. Since C_ is nilpotent of class c, the result 
follows. □ 
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